ABSTRACT This paper is aimed at achieving unity power factor and low total harmonic distortion (THD) at the input side of a grid connected three-phase rectifier in a variable grid frequency environment. Variable grid frequency results in performance degradation of the digital controllers. Advanced repetitive control (ARC) scheme is an internal model principal-based digital control scheme, capable of tracking a variable frequency signal with nearly constant and very low (nearly zero) steady-state error. The ARC is a Taylor series expansion-based digital repetitive controller whose parameters can be tuned online with reasonably fast transient response to track the signal with an updated frequency. In this paper, the ARC has been applied to a three-phase grid connected rectifier where the reference frequency is variable. Controller coefficients are calculated and updated online. The experimental results demonstrate that the ARC tracks a variable frequency signal very effectively and results in very low THD of input current under steady state.
I. INTRODUCTION
Internal model principle based digital Repetitive Control (RC) has been widely used in tracking periodic signals [1] - [6] . Since the grid frequency is a periodic signal, therefore RC can control the grid electrical signals (voltage & current) with minimum steady-state error in grid connected converters [1] , [7] , [8] . However, the performance of conventional repetitive control scheme degrades drastically when the reference signal is of variable frequency [9] - [12] . The grid frequency varies within the limits specified by the grid code, due to many reasons including instantaneous perturbation of source/load power, intermittent nature of renewable distributed generation and others. When the grid frequency varies from its nominal value (f → f ± f ), the ratio between fixed sampling frequency of the RC controller and grid frequency (N = f s /f ) becomes non-integer. In case of conventional RC, non-integer ratio N is rounded off to the nearest integer, which results in an increased tracking error over time and consequently performance degradation. This necessitates the development of a controller which can exactly accommodate a non-integer ratio N and hence faithfully track a grid frequency signal of variable frequency.
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An Advanced Repetitive Controller (ARC) scheme aimed at maintaining a constant performance of the repetitive controller in variable frequency environment has been earlier proposed by Nazir [10] . We describe in [10] the design and analysis of an ARC, which is a Taylor series expansion based digital repetitive controller. In this control scheme, non-integer N is divided into two components; integer part N i = N and fractional part F = N − N i . The Taylor series expansion based digital filter is used to realize a variable fractional part F. Coefficients of the digital filter to realize F are calculated and updated online as the grid frequency varies.
Three-phase rectifiers connected to the power system also experience the varying grid frequency signal. If the varying frequency signal is not tracked exactly with zero steadystate error it results in non-unity power factor at the power system and increased Total Harmonic Distortion (THD). Conventional RC controller works well only when the grid frequency is exactly equal to nominal frequency (50/60 Hz). In this work, it is shown that the steady-state error increases manifold for slight frequency fluctuations around the nominal frequency. The resulting performance variation of the converter at different frequencies may cause heating and thus malfunctioning of various components of the grid.
Thus, in this work, an ARC controller is employed for achieving a near unity power factor at the input of a threephase PWM rectifier in the presence of varying frequency reference signal provided by the grid. The PWM rectifier considered here is a boost rectifier having a fixed steadystate voltage output and is connected to a grid of variable frequency. Modern electric devices are usually fed by diode or thyristor front-ends which are great sources of harmonics in the power system. To minimize grid harmonics either additional smart devices are used to get rid of existing harmonics or grid friendly devices based front-ends are used which generate very limited harmonics. PWM rectifiers are the most commonly used grid friendly devices which inject almost negligible harmonics to the grid and achieve nearly unity power factor. It is shown that the application of an ARC significantly decreases THD and the tracking error of the reference signal which results in the achievement of a near unity power factor at input side.
The rest of the paper is organized as follows: Section II provides an overview of PWM rectifier operation and modelling. Section III elucidates the controller details. Section IV presents the experimental results exhibiting the suitability of the ARC control technique for grid connected converters and finally Section V concludes the presented work.
II. PWM RECTIFIER
The use of PWM rectifiers in electrical power system has increased over the past few decades. PWM rectifiers allow bidirectional power flow and draw/supply nearly sinusoidal current from the grid. These attributes render PWM rectifiers an apt alternative to conventional diode rectifiers. There are two types of PWM rectifiers: current source output (buck) and voltage source output (boost) PWM rectifiers. The boost rectifiers operate to provide fixed dc voltage whereas the other one operates to provide a fixed current flow on the dc side. The main features of PWM rectifiers include [5] , [13] ,
• Sinusoidal AC line current.
• Low harmonic distortion of line current.
• Near unity power factor at the input of the rectifier.
• Stable and ripple free DC side output voltage or current. Figure 1 shows a three-phase PWM rectifier. The threephase line-neutral voltages are represented by e as , e bs and e cs ; L n and R n represent ac-side inductor and equivalent is the phase difference between three-phase input voltages and currents. The controlled operation of the PWM rectifier is implemented to force this phase difference ( ) between input voltage and current to zero. For a three-phase balanced system,
A. OPERATION OF PWM BOOST RECTIFIER
Equation (1) is also true for three wire unbalanced system. However, it may or may not be true for ac systems with four wires. On an instantaneous basis, line-line voltages at the input side of a rectifier are given as:
where S a , S b and S c are the switching functions of three legs of the rectifier. The value of switching function is +1 when the top switch is on and bottom switch is off and −1 when bottom switch is on and the top switch is off. The magnitude of the converter's input voltage is v j where (j = a, b, c) depend upon the dc bus voltage and modulation index of the PWM signals. The ac side of the rectifier shown in Figure 2 can be considered as having two voltage sources (e js and v j ), where (j = a, b, c), connected through an inductor L n having a series resistance R n . If the phase angle between the two sources is controlled, indirectly the magnitude and phase angle of the inductor current is controlled. Three-phase PWM rectifier has two operating modes [4] , [14] , [15] ; rectification and regeneration mode. Figure 3 shows the phasor diagram of one phase of the three-phase rectifier at unity power factor in both modes (rectification and inversion/regeneration) of operation [4] . In rectification mode power flows from ac-side to dc-side whereas power flow direction is reversed in regeneration mode. Thus [9] • In rectification mode: Grid Power = Power loss + Converter side power.
• In regeneration mode: Converter side power = Power loss + Grid power.
B. MATHEMATICAL MODELING OF PWM RECTIFIER
Voltage equations on the input side of the figure 1 can be written as:
The sampled-data form of (4) at time t = (k + 1)T s can be regarded as three independent phase control sub-systems. Each independent sub-system can be described as follow:
In (5), T s is the sampling period, j = a, b, c and d j (k) is the active duty ratio of the respective switching function. The output equation can be given as:
On an instantaneous basis, the converter dc side current i o can be written as:
As shown in figure 4 , each PWM switching waveform at port j, (j = a, b, c) is a pulse of magnitude ''+1'' with width being t j+ (k) in the sampling interval T s and active duty ratio 
C. MINIMUM DC BUS VOLTAGE REQUIREMENT
The minimum dc link voltage obtained before the fully controlled operation of the rectifier is given by:
This voltage is obtained as the diodes connected anti-parallel to all IGBT switches act as a three-phase diode bridge rectifier and charge the capacitor on dc side. If the IGBT switches are turned on/off before this condition is reached, the circuit would still be operating in an uncontrolled fashion. The boost nature of the rectifier can now be achieved by storing the energy in the inductor and releasing it. However higher dc bus voltages lead to higher switching losses.
III. CONTROL OF THREE-PHASE PWM CONVERTER
Control of the PWM converter is divided into two parts: output voltage control and input current control. A digital control scheme for both loops (voltage loop and current loop) is shown in Figure 5 . 
A. OUTPUT VOLTAGE CONTROL
Output voltage of the boost PWM rectifier is dc. Initially the PWM rectifier acts as a diode rectifier, due to the diodes connected anti-parallel to the IGBT switches, and charges the output capacitor to nearly the peak value of input phase to phase voltage. A PI controller is used to achieve a constant boosted dc output voltage. The transfer function of a discrete PI controller is given by:
where k p , k i and T s represent proportional gain, integral gain and sampling time respectively. The gains of the controller are designed to ensure stable and satisfactory dynamic operation of the system. The voltage loop control subsystem is shown in Figure 6 . From (7) and Figure 5 [1] , and the transfer function from i o to i peak can be written as [1] :
where −3 ≤ k ≤ 3 and the transfer function from i o to U dc can be approximated as:
In the steady-state i peak can be approximated as:
Since
during steady-state, k can be calculated as:
B. INPUT CURRENT CONTROL
The current controller for PWM rectifier is composed of two controllers: deadbeat (feedback controller) and ARC controllers.
1) DEADBEAT CONTROLLER
Equation (5) can be treated as three single-phase subsystems and one phase subsystem is given as:
The nominal transfer function for each phase can be written as:
For a deadbeat controller, also sometimes referred as predictive controller, the actual signal can track the reference signal with a delay of one sampling period T s [16] , [17] . Thus,
where i jRef (k) = i j (k + 1) and the transfer function of each phase current-loop control system (16) results in z −1 . Equation (16) is a deadbeat controller for a one phase sub-system. 
2) ADVANCED REPETITIVE CONTROLLER
Reference [10] , [12] describe the design of ARC in detail. An ARC can be plugged in to a deadbeat controlled system. The over all current control loop is shown in Figure 7 where the ARC is represented by G rt (z). The G rt (z) is composed of controller gain k r , fractional delay filter G t (z), integer delay line z −N i , low-pass filter Q(z) and compensator G c (z). The G rt (z) is given by:
The G t (z) in Figure 7 is a Taylor series expansion based fractional delay filter where P 0 (z), P 1 (z), → P M (z) represent M number of sub-filters and M is the order of the fractional delay filter. In this application a fractional delay filter of order M = 2 is used. The N th order sub-filters (P k (z)) in the fractional delay filter can be designed using the criteria given in [10] . Usually first/second order sub-filters are sufficient in almost all applications in the field of power systems. The fractional delay filter G t (z) which realizes a non-integer delay F can be expressed as:
The length of delay line z −N i varies depending upon the reference signal variations, as N i = f s /f − F where f s is the sampling frequency, f is the frequency of reference signal and F is the fractional delay value. The Q(z) = α 1 z + α 0 + α 1 z −1 is a moving average low pass filter having α 1 = 0.25 and α 0 = 0.5. The compensator G c (z) = z 5 has been selected. 1 Other parameters of the three-phase grid connected rectifier system are given in Table 1 . To verify the ARC scheme the 1 Theoretically, the compensator should be chosen as the exact inverse of the system model to achieve zero-phase tracking error. However, practically the parameter uncertainties and load variations make it very difficult or impossible to achieve the exact inverse of the system model. The compensator in this experiment has been selected to account for practical delays occurring within the hardware. Initially the compensator was selected as a subsystem having gain = 1 and the phase difference between the reference current and actual current was measured. z 5 was found to cancel out that undesired phase difference. input voltage of the converter in this experiment is set to very low voltage level for safety purpose only. However, in case of practical grid converters this voltage is usually equal to the grid voltage and the control scheme performance, in terms of tracking of a signal, is independent of voltage and power levels of the converter.
IV. EXPERIMENTAL RESULTS
A three-phase PWM rectifier connected to the grid has been controlled using ARC control technique. The experimental setup is shown in Figure 8 . An AMETEK-MX bidirectional power supply was used to simulate a three-phase ac source i.e. grid. It could not be captured in the photograph of experimental setup shown in Figure 8 . The frequency f of the three-phase ac voltage is variable. The frequency of the input voltage also acts as the reference frequency of the input current, as the target is to achieve unity power factor at the input of the rectifier. Two steadystate cases have been considered where the frequency of the input voltage is 49.3 Hz and 50.7 Hz. These frequencies result in non-integer ratios between the sampling frequency and frequency of the reference signal. Initially only a conventional feedback controller i.e. a deadbeat controller has been used. The deadbeat controller operates to match the output signal in next sampling period with the reference signal in the current sampling period. It has been shown in the literature that the performance of the deadbeat controller greatly depends upon the accuracy of the model parameters.
In practice, parameter uncertainties such L, C, R on and un-modelled dynamics such as dead-time and converter losses (switching, heating and others) lead to large tracking errors in deadbeat controllers. Therefore, an ARC is included to overcome the periodic disturbances, parameter variations and the issue of non-integer samples per period. Figures 9 and 10 show the steady-state response of all three phases, of a deadbeat controlled PWM rectifier, when the frequency of the input ac signal is 49.3 Hz and 50.7 Hz respectively. The aim of this experiment is to achieve a boost dc output voltage along with low THD current and unity power factor at the input of the rectifier in the presence of frequency varying input voltage. It can be clearly seen from Figure 9 and 10 that the THD of the line current is 8% ≤ THD ≤ 9% (except THD of i c at f = 49.3 Hz, which is far lower than the THD of other phases) in both cases and power factor is also far from unity. The THD values given here are the average THD values of the last two cycles of steadystate measurements. The overall steady-state THD of i c at 49.3 Hz has been found quite similar to the other two phases. However, it has been found significantly low in the cycles shown here. An advanced repetitive controller is needed to achieve unity power factor and low THD of the current.
A plug-in ARC is included in the deadbeat controlled rectifier. All the experiments have been run for 60 seconds to check both the transient and steady-state behaviors. For the ARC controlled rectifier response, an ARC controller is included in the deadbeat controlled rectifier at time t ≈ 9.75 s when f = 49.3 Hz and at t ≈ 7.65 s when f = 50.7 Hz. Figure 11 and 12 show the steady-state response of input side voltage/current and transient response of the input current tracking error when the frequency of the input ac signal is 49.3 Hz. It can be seen that the input voltage and current are now in phase for all three phases. The THD of all threephases has been reduced to less than 3.5%. The transient response of the current tracking error for all three phases indicate that current tracking error is reduced from 2 A (peak) to approximately 0.25 A (peak) at f = 49.3 Hz. Figure 13 and 14 show the steady-state response of input side voltage/current and transient response of the input current tracking error when the frequency of the input ac signal is 50.7 Hz. These figures also show that the input current of all three phases is in phase with the voltage, leading to unity power factor. The THD of all three-phases has now been greatly reduced to less than 3.83%. The comparison of figure 10 and 13 shows that ARC tracks the reference signal very well and results in much lower THD (≈8.5% to ≈3.5%). The transient response of the current tracking error for all three phases indicate that current tracking error is reduced from 2 A (peak) to approximately 0.25 A (peak) at f = 50.7 Hz. The transient time depends upon the control gain of the ARC controller. Higher control gain, within the stability range of the control gain parameter, leads to shorter transient time.
The steady-state current tracking error could not be further reduced in our case as even the reference current is not However, the steady-state error and current THD has been greatly minimized by the ARC controller. Before beginning to design the control system, the optimal sampling frequency of the system needs to be chosen. In this research work sampling frequency is always equal to the switching frequency. In case of LCL filter based PWM regenerative rectifiers, the resonance frequency of the filter imposes some strict limits on the range of sampling frequencies of the control. If the sampling frequency is very low (lower than double the resonance frequency), the system would always be unstable. For different sampling frequencies the system would be stable for a different range of gain values. Therefore, an optimal sampling frequency should be chosen. Lower switching frequencies lead to high switching ripple content in ac current of the rectifier. To reduce the switching ripple content to an acceptable limit might become very challenging in case of very low switching frequencies.
In practical grid connected converters the frequency of the reference signal varies continuously so the transient response of the converter is very important. The transient time of the controller needs to be very short. In this experiment the frequency of the reference signal is step changed from 50.7 Hz to 49.3 Hz for transient analysis. The system is already operating in steady-state conditions at f = 50.7 Hz i.e input voltage and current are in phase and output dc voltage is 90 V. The frequency is step changed from 50.7 Hz to 49.3 Hz at t ≈ 18.9 s as shown in Figure 15 . It is required that the frequency is continuously measured and the parameters of the ARC are calculated and updated online. However, practically the frequency of the input voltage and ARC parameters are updated based on prior knowledge and are programmed. It can be seen that the controller takes nearly 2 seconds to reach its steady-state again. Figure 15 shows the response of phase a only and current tracking error for all other phases are similar. The reference and actual current of phase a are given in Figure 16 . It can be seen that inductor current of phase a tracks the reference current well in both steadystates. However, tracking error during transient time is very big due to huge phase difference between the two signals. The step change in frequency introduced during this experiment (50.7 Hz to 49.3 Hz) is quite challenging. Under normal operation of a power system variation in frequency is much less than this. The normal rate of frequency variation in New Zealand is 0.1 Hz/s. Instantaneous frequency variation of 1.4 Hz can only occur during events of major faults. It can be concluded that if the frequency is continuously varying at 0.1 Hz/s and the transient time of the controller is 2 s, the controller would always be operating in transient state. Therefore, the controller needs to be fine tuned to further reduce its transient time. Figure 16 shows details at three different points: when the system is initially in steady-state, during transient state when the frequency is varied from 50.7 Hz to 49.3 Hz and after reaching a steady-state again at f = 49.3 Hz. It can be seen that during transient state the phase difference between the reference and the actual signal fluctuates significantly.
V. CONCLUSION
In this work, an ARC has been used to control a three-phase grid connected PWM rectifier. A PI controller has been used to achieve the boosted dc output voltage. However, a conventional feedback controller and an ARC are used together to track a variable frequency reference signal. An ARC is a Taylor series expansion based digital repetitive controller which realizes the fractional delays arising in applications due to reference signal frequency variations by employing additional fractional delay filter inside the stable closed loop system. Use of an ARC significantly reduces the THD and allows for the tracking of the reference signal with considerably reduced steady-state error. This results in nearly unity power factor and high quality current at input side. Further, proper initialization of the ARC also alleviates the risk of current overshoot during turn on process.
Finally, experimental results obtained with a laboratory prototype of a three-phase grid connected rectifier have validated the ARC scheme's ability to work well under practical variable frequency conditions i.e. grid connected systems.
